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162.

163.

Writing x,, = tana, for 0°<a, <902, by the half-angle formula

2 l+sina, 90°+a,,
We have Xpi1 :tanan+,l1+tan a, =tana, +seca, =—=tan| ——— |.
2

cosa,
) 30°
Because a; =60°, we have a, =75, ag =82.5%, and in general a, = 90°-
2!’1—1
Th 90° 30° 50° 0 h b 30°
us x, =tan ——Zn_l = cot = =cot®, , where 0, = =

2tan 6 . . 2
———"— implying that x_y, = —
1-tan” 6
n

A similar calculation shows that y,, =tan20, = 5
1-tan”0,

Because 0, <45°, we have 0 < tan? 0, <1 and x,y, >2. For n>1, we have 0, <30°%, implying that
9 1
tan® 0, <§ and x,y, <3.

Dividing both sides of the inequality by 4 yields

a bzb a2 1
ey P et I [ ) [P
2 2 2 2 2

a b
We substitute Py =sinx and P =siny . The last inequality reduces to

P
| sin(x -y)| =|sinxcosy —sinycosx) | Ssing.

V26

2 -6
We want to find t; and t, such that sint, = ——— and sint,, =
4 4

.92 8- 4\/5 \/g T
By the double-angle formulas, we conclude that cos2t; =1-2sin“t; =1 B = - = cos J_rg and .

T T
Because y=sinx is a one-to-one and onto map between the intervals {—E E} and [-1,1], it follows
that t; = —— and ¢t
a =-— an =—.
1 12 2
.. . n 5n| C e T T T T
We divide the interval | -—, — | into three disjoint intervals of length —: I, =|-—, — |, I, =| —, — |,
12 12 6 12 12 12 4

s s
and I5 = {Z E} . The function y =2sinx takes the intervals I;,I,,I; injectively and surjectively to the

2 - 2
intervals I} = [# 2sin%], I, = {2 sin%, \/EJ Iy = [\/5 @} , respectively.
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165.
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By the pigeonhole principle, one of the intervals I},I; or I; contains two of the four given numbers, say a
and b. It follows that one of the intervals I}, I, or I3 contains x and y such that a =2sinx and

b =2siny.

We can write: (btany —ctanB)2 +(ctana —atany)2 +(a tanB—btanoc]2
= (a® +b? +cz)(tan20c+tan2[3+tan2 y) - (atana +btan[3+ctany)2

The minimum value of the LHS being zero, that of (a2 +b% 4 cz)(tan2 o+ tan? B+ tan? Y)— K2>0

2
Kk
a®+b” +c
2
I 2 2 2 . k
Hence, minimum value of tan® o + tan“f +tan“y is | ————|.
a?+b? +c?

1 1 1
Given tanZ[B +y —oc)tanz(eroc—B)tanZ(a +B-v)=1,

Where a+B+y=mn

(TE—ZOLJ [R—ZBJ [n—Zy]

= tan tan tan =1

4 4 4

= (1—tang][1—tangj[l—tanlJ = [1+tang][l+tangj[l+tan1]
2 2 2 2 2 2

o o
= tan—+tanE+tanl:—tan—tanEtanl ...... @)
o o
Also, taln—talnE + tanEtanl + tanltan— =1 ... (i)
2 2 2 2
) L ) . a By =
On squaring equation (i) and using equation (ii): {-- —+ 5 +§ = E
o o
tan2—+tan2E+tan21+2 = tanz—tanzﬁtanzl ....... (iii)
2 2 2 2
We have to prove: 1+cosa +cosf+cosy=0
9 O 2 B 2 ¥ 2|1-t nZEt nzl
l-tan“— 1-tan®— 1-tan®— 9 a 5 a 5
2 2 2
= 1+ + 5 + =0 = + =0
o o
l+tan? Y 1+tan?> 1+tan2~ 1+tan® s [14tan?? |14 @n2?
2 2 2 2 2 2
o
= 1+tan®— 1—tanQEtan21 + 1+tanZE 1+tan2"|=0
2 2 2 2 2
o o
= 1+tanz——taantanz1—‘[an2—tan2Etan2 ! + 1+tan2E+tan214—tan2Etan2 ! =0
2 2 2 2 2
o o
= 2 +tan? — + tan? E +tan? r = tan? —tan? Etan2 ro. (iv)
2 2 2 2 2

From equation (iii) and (iv)
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1+ cosa+cosf+cosy=0

166. {sin(a — B)} + cos(a + 2p).sin B}2 =4 cosa.sinB.sin(a + p)

=
=
=
=

If

t
Equation (i) becomes; {

{sinacosp —sinpcosa + (cosacos2p — sin a sin 2p)sin B}2 =4 cosasinpsin(a + p)
{tan o — tan P + cos 2B.tan  — sin 2p.tan atan [3}2 =4tanf(tano +tanp) [ Dividing by cos? a.cos? Bl

{tan a.cos 2B — tan B + cos 2B.tan B}2 = 4tanfB{tan o + tanp}

{(tan o + tan B).cos 2p — tan B}2 =4tanf(tana +tanf) ........ (i)
tan ..
(tano +tanpf)=— (i1)
x

an

X

tanf

2
.COSZB—tanB} =4 tanp.

= (cos2p — x)? =4x = cos? 28+ x% —2xcos 2B =4x
= x2 - 2x(cos2p +2) + cos? 28=0 = Xx=(cos2B+2)x.1+cos2pB
= x —cos2p+2 i2«/200$2[3 = X=200$2B—1+2i2\/§COSB :(x/gcos[iil)z
- ¢ + tanp tanf tanf [si 1
ano +tanf = = since, x <
X (\/5 cosf — 1)2
167. X = tan(nd + o) - tan(nd + p) = sin(nd + o) ~ sin(no + p) _ sin(nb + a —no —f) _ 2 sin(o — p)
cos(nB+a) cos(nB+P) cos(nb+a)cos(nd+pP) cos(2nb+ a+p)+cos(a—p)
2 sin(o - p) .
= cos(2nf+a+p)+cos(la-P)=——— ... (0]
x
. cos(nb+a) cos(nd+p) sin(n6+p-nod—a)
Again y =cot(nd+a)-cot(nd+p) = - =
sin(n®+a) sin(n®+p) sin(nd + o)sin(nd +p)
2 si - 2 si -
= sinp - a) s cos(o—P)—cos(@n0+ o p) = 2S0BZA (i)

On adding equations (i) and (ii), we get: 2cos(a —f) =

v= cos(a —B)—cos(2nd + a + )

2 sin(o - B) . 2sin(f - o)

1 1
= cotla-B)=—-—
y X
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